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ABSTRACT
Let I = C™ xR be the Heisenberg group and u, be the normalized surface
measure on the sphere of radius 7 in C*. Let Mf = sup,sq|f * pr|.
We prove an optimal LP-boundedness result for the spherical maximal
function M f, namely we prove that M is bounded on LP(I") if and only

ifp> 522

1. The main results

Let H® = C" x R be the (2n + 1)-dimensional Heisenberg group with the group

law 1
(z,t)(w,s) = <z+w,t+s+§Imz-u7).

Given a function f on H™ consider the spherical means
1
(1.1) f*or(z,t)z/ f(z—w,t—ﬁImz-u’))dar(w)
Jw|=r

where o, is the normalised surface measure on the sphere S, = {(z,0) : |z| = r}
in H". In [2] Nevo and the second author studied the maximal and pointwise
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ergodic theorems in LP for these spherical means. They showed that {o,} is
a pointwise ergodic family in LP for every ergodic action of H™, n > 2 on a
probability space (see [2] for the relevant definitions) for all p > (2n—1)/(2n—2).
For actions of the reduced Heisenberg group the range of p was extended to
p > 2n/(2n — 1) and it was conjectured that the same should be true for the
full group H".

A basic ingredient in the proof of the ergodic theorem is the L? boundedness
of the maximal function

(12 M, f(z.t) = sup|f 4 0,2, )

r>
associated to the spherical means. In [2] it was shown that M, is bounded on
LP(H™) for all p > (2n — 1)/(2n — 2). In this paper we establish the optimal
result, namely

THEOREM 1.1: Let n > 2. Then the maximal operator defined by (1.2) is
bounded on LP(H™) if and only if p > 2n/(2n — 1).

This is the analogue of the celebrated spherical maximal theorem of Stein [3]
on R™. Note that the spherical means o, are averages over the sphere S, which
is of co-dimension 2 and hence more singular. As a consequence of Theorem 1.1
we obtain the following result.

THEOREM 1.2: Let n > 2. Then {o,} is a pointwise ergodic family in L? for
allp > 2n/(2n —1).

The following remarks are in order. The main result, namely Theorem 1.1,
has been recently proved by Mueller and Seeger [1] using different methods.
Actually, they have extended the above result to a more general setting of
surfaces and to a class of step two nilpotent groups including all H-type groups.
They use Fourier integral operators to study the maximal function whereas we
prove Theorem 1.1 by modifying the arguments presented in [2] and combining
it with Stein’s original square function method. Our proof of Theorem 1.1 is
also valid in the general set-up of H-type groups. Though the results in [1] are
more general, our approach may be of independent interest as it does not appeal
to the theory of Fourier integral operators.

The spherical means f * o, are naturally associated to the Gelfand pair
(H™,U(n)) where U(n) is the unitary group. For K-spherical means associ-
ated to other Gelfand pairs (H", K') and the associated maximal functions we
refer to [7].
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We closely follow the notations set up in [2] and [6] and we refer to these for
any unexplained terminology.

2. Proof of Theorem 1.1

We only need to prove Theorem 1.1 as Theorem 1.2 can be deduced as in [2].
The starting point is the following expression for f * o, which has been already
used in [2]:

— 0o

@) fron =g [ (T RN wele))e A
k=0

The notations used in this equation are as follows. For a function f on H",
fA(2) stands for the partial inverse Fourier transform

(2.2 Pler= [ e

— o0

the A-twisted convolution f* %, ¢} (z) is the one given by

(2.3) P = [ Az = w)gp (w)e’ 2 =T

¢ (2) is the (dilated) Laguerre function

1 2
() = L (G ) e

and w,:f*l(r) or, more generally, ¥ (r) is the normalised Laguerre function

e

The Laguerre functions v§ are defined even for complex o with Rea > —1.
We consider the following analytic family of operators:

«a 1 > - o —1 n
23 MG =g [ (T e/ e ede) e s
-0 k=0
A priori it is not clear if this operator is well defined or not, but we will say more
about that in a moment. We require the following formula connecting Laguerre
polynomials of different type:
M'k+a+1)

(2.6) Lo (r) = F(a—,é’)l“(k+6+1)/0 71 — )2 F 1L (rt)dt,
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valid for Re(a — ) > 0 and Re 8 > —1. Defining

(2.7) P f(z,t) = / e~ MmN £A (1) dN
to be the Poisson integral of f in the ¢-variable we have
(2.8)
o MNa+1 ! B
M f(z,t) = a —(5)r(g)+ N /O 1251 (1 — 2)2 P Y Pz g 2y ML f) (2, )dt.

We want to use Stein’s analytic interpolation theorem to the maximal functions
M f(z,t) = sup [M? f(z,1)]
r>0

associated to this family of operators.

More precisely we would like to prove that M f is bounded on LP(H™),
1 < p< oo when Rea =n+ 6 and on L?(H™") when Rea = 6, for every § > 0.
As MP~'f = f % 0, by analytic interpolation we can obtain Theorem 1.1. For
more details of this argument we refer to Stein—-Wainger [3].

Before addressing the question of boundedness of M f let us see why these
operators are well defined. Actually, for Rea = n + iy + § there is no problem
in defining M f as
(2.9)

o T(n+ivy+9)
MIT 0 = F s i

1
") /0 s2 (1 — 32)”+5PT:(1752)M;‘;1f(z, t)ds.

Indeed, M ' f = f * 0,4 is in LP(H") when f € LP(H™) and the same is true
of P.f. Hence M f makes sense as an LP function. However, there is trouble
at the other end, viz. when Rea = —% + 4.

In view of the spectral theorem for M f, with Rea = —% + § to make sense
as an L? function we require that {1)¢(r)} is a uniformly bounded family of
functions. But it is known (see Szego [4]) that such a uniform estimate holds
only for Rea > —%. Fortunately, it is also known that

(2.10) sup sup [P (r)] < ca
k>00<r<a

for all Rea > —%. Suppose now f is a function which is band-limited in the
t-variable. By this we mean that f*(z) is supported in |\| < a for some a > 0.
For such a function, M2 f is well defined as an L? function as long as Rea > —%.

As the class of band-limited functions is dense in LP(H™) it is enough to show
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that
(2.11) IMefll, < Cillfll,, 1<p<oo, Rea>n,
(2.12) IMZflla < Callfll2, Rea >0,

where the constants C; and C are independent of the supports of f*. It is
while proving (2.12) that we need to use the operators M2 for Rea > —%.

The estimate (2.11) can be easily dealt with. In view of (2.9), since P, and
M~ commute, we have

MR £z 1) =

T(n+iy+09)
L(14+0+iy)C(n

1
(2.13) = AP )+ )
0

Making a change of variables and noting that | Ps f| is dominated by the Hardy—
Littlewood maximal function Af in the ¢-variables, we get

] < OO [ AR wa (a0
0
where C(7) is of admissible growth. This shows that
(2.14) |MPHYHf(2 1) < Cly / Af xos(z,t)d

But now the right-hand side can be realised as Birkhoff averages over the group
of reals as was done in [2], see Proposition 4.2. We can therefore appeal to the
strong maximal inequality for R-actions to conclude that M*’H’WH]‘ is bounded
on LP, 1< p<oo.

In order to prove (2.12) we bring in the square function. First observe that
(2.8) leads to the estimate

(2.15) M2 f(z,1)]? < Ola / |Prag g2y ME f(2, )| ds

where

C(a,ﬂ Oé+1 ‘/ 4B+2 )2Rea—26—2ds’

)Z‘F(a— r+1)

which is finite and has admissible growth provided § > —% and Rea >+ %
The right-hand side of (2.15) is dominated by the sum of

W=

1
(216) ([ 1Pamaiis - g ppas)
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and

1
(2.17) (/ PrzseT:M]fsdes)
0

We first look at the second term which is

1" 3
<—/ PrzszMSandS>
T Jo

In view of (2.13), we have

W=

Po oMIf=MP2 of
is given by the integral
1 1
/ UQn_lpsz,Szuz (Pr2_gof) % ogydu = / u2'ﬂ-1PT2782u2f * OgydU.
0 0
This equation leads to the estimate
1 -
|P2_ o2 MTf] < C/ w" A f % oy du
0

which in turn gives

1 r 1 r s 2
—/ \Prz_szMg‘f\stg()—/ /u2”*1Af*crudu s s
™ Jo rJo 0
1 (" /1 [° 2
SC—/ <—/ Af*audu> ds
rJo \S.Jo

1 /¢ ?
§Csup<—/ Af*audu> .
s>0 \S Jo

As before, the last term defines a bounded operator on LP(H™), 1 < p < oo and
hence the maximal function associated to (2.17) has the same property.
It remains to prove the L? boundedness of the maximal function

1
(2.18) sup [P (MAS = ML) Pds
T 0

for g > —% which in turn will imply the L? boundedness of the maximal function
associated to (2.15) for Rea > 0. The above integral is bounded by

17 . 1 .
F [ Pemauzs =y ppas < ¢ [ aonzs - vz
ds

S

< / CAMEf - M)
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As A is bounded on L?(H™) this leads to

/ sup — / |Pra_p2g2( MB — M)z, t)|2d5d2dt
H» r>0T

<[ [Taans- ey S
n 0
e d
gc/"/O (M2 F(2,) = M (2,0 et

Therefore, we are led to prove the L? boundedness of the square function
e ds
(219) (007 = [ M2 = M F PSS

for g > —%. In view of the Plancherel theorem we only need to prove the

uniform bounds
o n ds
| W) = s (VNS <

for all £ > 0, A € R, or equivalently
e ds
(2.20) / W)~ )P < C

for all £ > 0 when 8 > —5. Note that the final estimate is independent of A,
does not depend on the LOO bounds of zpk and hence the bounds we get will not
depend on the support of f*. First consider the integral

L1/2

S L 5 S
[ e -ners [ ime - ners
0 0

B Lk+1)T(B+1)
Fsls) = T(k+5+1)
Since F(0) = F,,(0) = 1 we can write

(/ |Fas) - Fn<s>|2%);
= </ka F5(s) ‘FBW%)% + (/Ok Fale) = B OP L)

By the mean value theorem, for any 0 < s < 1/k

where
Li(s).

(2.21)

W=

|Fis(s) — Fa(0)] <'s sup |Fj(t)].
0<t<1
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Now we know that (see Szego [4])

Tkh+DTB+1) 511
T(k+pB+1) k1t

Fy(t) = (t)

and 80 supg<,<; |Fj5(t)| < ck using the estimate on Laguerre polynomials. Hence
1/k ds ) 1/k
/ 1Fa(s) — Fp(0)2 L < ck2/ sds < C.
0 § 0

The second term in (2.21) is bounded similarly.
Next we estimate the integral

° d 1 [ d
[ RS =5 [ e,

Let Ef (s) be the normalised Laguerre functions defined by

T(k+DTB+1)N\Z 15, s/2.5/
T(k+5+1) )Lk(s)e "2,

i) = (

In terms of Ef(s) we have

e = (i) dor

The estimates given in [5], Lemma 1.5.3 show that

U (V)| < C(sk)™ /4782 1)k < s < k/2,
WP (Vs)| < C(sk)PPEVAEY 4 |k — )74, k/2 < s < 3k/2,
R (V)] < Ce ™ (sk) ™82, s > 3k/2,

where v is independent of k.
Using these estimates we see that

k/2 [k
CWEPE <onst [ 58y
IOl

1 k

—1

which is bounded if 3 > —%. Now look at

k—k'/3 ds k
[ WP son ok [ g
k/2 S k/2

k/2
< Ck72673/2/ 571/2d5 < Ck72671
0
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which is again bounded for 3 > —%. The part of the integral taken from k+k'/3
to 3k/2 is also bounded. Finally,

kK3 ds
[ AP < cr s < o
k—k1/3 S
Thus we have proved the uniform estimates (2.20) and hence the gs-function
is bounded on L?. An appeal to the analytic interpolation theorem completes
the proof of Theorem 1.1.

References

[1] D. Mueller and A. Seeger, Singular spherical maximal operators on a class of two
step nilpotent Lie groups, Israel Journal of Mathematics 141 (2004), 315-340.

[2] A. Nevo and S. Thangavelu, Pointwise ergodic theorems for radial averages on
the Heisenberg group, Advances in Mathematics 127 (1997), 307-334.

[3] E. Stein and S. Wainger, Problems in harmonic analysis related to curvature,
Bulletin of the American Mathematical Society 84 (1978), 1239-1295.

[4] G. Szego, Orthogonal Polynomials, American Mathematical Society Colloquium
Publications, Providence, RI, 1967.

[6] S. Thangavelu, Lectures on Hermite and Laguerre Expansions, Mathematical
Notes No. 42, Princeton University Press, Princeton, 1993.

[6] S. Thangavelu, Harmonic Analysis on the Heisenberg Group, Progress in Mathe-
matics 159, Birkh&user, Boston, 1998.

[7] S. Thangavelu, Local ergodic theorems for K-spherical averages on the Heisenberg
group, Mathematische Zeitschrift 234 (2000), 291-312.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [7200.000 7200.000]
>> setpagedevice


